A theoretical model of the reactions e + e − → K + K − γ and e + e − → K 0K 0 γ has been derived. The strong interaction between kaons is taken into account using a general form of the KK scattering amplitude. It is shown that some models formulated in the past are particular cases of the present approach. The formulae for the KK effective mass dependence of the differential cross section as well as for the angular kaon and photon distributions and for the branching fractions of the φ(1020) → K + K − γ and φ(1020) → K 0K 0 γ decays have been obtained. We present numerical results for the functions entering into transition amplitudes, KK effective mass distributions, total cross sections, and branching fractions. Finally, the model is generalized to treat other reactions with two pseudoscalar mesons accompanying a photon in the final state.
I. INTRODUCTION
In the standard classification of the quark-antiquark states the scalar meson nonet is not yet uniquely determined and the scalar resonances constitute the least known group of mesons (for reviews see, for example, Refs. [1, 2] ). There are many different hypotheses about their internal structure. Besides the interpretation asmesons [3] , these particles were also proposed to be thetetraquark states [4] , mixtures ofand mesonmeson systems [5] or even quarkless gluonic hadrons [6] . Since both f 0 (980) and a 0 (980) masses are very close to the sum of the K andK masses, they have been considered as KK quasi-bound states [7] . Verification of these hypotheses requires a precise information about the elastic and inelastic amplitudes of the kaon-antikaon interaction. Existing data from the KK phase analyses are not yet sufficiently precise even to make a statement whether the kaon-antikaon interaction in the S-wave near the threshold is attractive or repulsive [8, 9] .
Since the kaonic targets are not available and the colliding kaon beams do not exist as well, the only way to study the kaon-kaon interaction is a production of kaon pairs with low relative momenta and analysis of their rescattering. This type of studies was conducted, for example, in the pp → ppK + K − reaction at the COSY synchrotron in Jülich, Germany. However, small cross sections and the presence of strongly interacting protons in the final state, made it impossible to accurately estimate the scattering length of the K + K − interaction [10] [11] [12] . Thus, it seems that it is much better to study less complicated final states produced, for example, in heavy meson decays J/ψ → φK + K − [13] , B 0 s → J/ψf 0 (980) [14] or in the e + e − → K + K − γ and e + e − → K 0K 0 γ reactions. The latter processes are suitable to study the strong interactions between kaon pairs since no other hadrons exist in the final state. * Electronic address:leonard.lesniak@ifj.edu.pl Radiative φ(1020) decays into KKγ states via the intermediate production of scalar mesons f 0 (980) and a 0 (980) have been theoretically studied already in the late eighties and in nineties of the 20th century [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Then, after a construction of the Φ-factory in Italy at Frascati other papers appeared [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . The KLOE Collaboration has searched for the decay φ(1020) → K 0K 0 γ and obtained an upper limit of the branching fraction equal to 1.9 · 10 −8 [35] . For a full description of the kaonantikaon interaction also other coupled decay channels have to be considered. Thus KLOE has carried out a series of analyses [36] to study the properties of scalar mesons in the π 0 π 0 γ, ηπ 0 γ and π + π − γ final states [37] [38] [39] . Earlier, the φ radiative decays into π + π − γ, π 0 π 0 γ and ηπ 0 γ have been measured in Novosibirsk by SND and CMD-2 Collaborations (see, for example, Refs. [40] [41] [42] [43] ). However, there are no data for the φ(1020) decay into K + K − γ, even the branching ratio is not known. This decay could be studied, in principle, also using the KLOE data set.
Three theoretical models have been used in the analysis of the KLOE data for the e + e − → π + π − γ reaction [39] . In the first model a phenomenological parametrization of the reaction amplitude by a suitable combination of the elastic pion-pion amplitude and the transition amplitude from two kaons in the intermediate state to two pions in the final state is made [44] . A direct φ meson coupling to the f 0 (980) resonance and a photon without any assumption about the internal structure of the scalar meson is postulated in the second model [45] . The total and differential cross sections for the e + e − → K + K − γ process predicted by this model can be found in [46] 1 . An essential ingredient of the third model, called the kaon-loop model, is a formation of a loop of two charged kaons to which photons can couple [47] . The best fits to data [39] have been obtained for the former two models. It turned out, however, that important quantities like the f 0 (980) mass and the coupling constants of that resonance to the K + K − and π + π − pairs, obtained from fits to data, are in mutual disagreement.
One of the reasons for this unsatisfactory situation could lie in lack of information on the K + K − γ channel. Moreover, one should try to describe simultaneously all the mentioned coupled channels. Transition amplitudes of the reactions coupled to the K + K − channel were described, for example, in Refs. [48] [49] [50] [51] . As it will be shown later, they can be incorporated in a more general scheme taking into account all the relevant channels. Some threshold properties of the KK amplitudes have been already examined in [52] and a new parametrization of the resonant production amplitudes near inelastic thresholds has been proposed in Refs. [53] and [54] . These results could be useful in analyses of the experimental data in which the KK pairs are present the final state.
In the construction of the theoretical models of the reaction e + e − → K + K − γ one should take into account an important role playing by scalar mesons f 0 (980) or a 0 (980) in an intermediate production step: e + e − → φ(1020) → γ(f 0 + a 0 ) → K + K − γ. At the e + e − centerof-mass energies close to 1 GeV the φ(1020) meson contribution to the reaction cross-section is dominant. The φ meson decays most frequently into a pair of charged kaons, the corresponding branching fraction is 49.2 % [1] . The charged kaons can interact strongly and electromagnetically emitting photons. Thus the kaon-loop mechanism has been frequently used to construct models of the reaction amplitude.
Very often in literature the scalar mesons have been treated as point-like particles (see, for example, Refs. [15] [16] [17] [18] 21] ). However, Close, Isgur and Kumano in Ref. [20] have modeled the scalar mesons as extended objects, formed of the KK quasi bound molecules. It has been found that the branching fraction for the decay φ(1020) → f 0 γ depends sensitively on the molecule radius which in turn is related to the KK binding energy. The model presented in Ref. [20] is essentially nonrelativistic in treatment of the KK interaction but the reaction amplitude for the radiative φ decay can be "relativized" in some manner explained in the article.
In Ref. [22] , using a specific distribution of the relative KK momenta given in Ref. [20] , numerical calculations of the branching fractions and the mass spectra for the radiative φ decays into scalar mesons a 0 and f 0 with subsequent decays of a 0 into πη and K + K − and f 0 into ππ and K + K − have been performed. The relevant KK molecule radius was equal to 1.2 fm (see Eq. (4.13) in Ref. [20] ).
In 2001 Achasov and Gubin calculated the differential cross sections for the reactions e + e − → φ → K + K − γ and e + e − → φ → K 0K 0 γ [27] . In this case the K + K − loop function from Ref. [16] has been used. Formally, this choice corresponds to the limit of vanishing KK molecule radius.
In the above mentioned models of the reaction amplitude the KK scattering amplitude has always a resonant character due to a presence of scalar mesons in the intermediate states. We know, however, that the KK amplitude can have an additional non-resonant part which is not included in the approaches discussed above. So, the idea is to extend the existing models of the radiative φ decays into KKγ by inclusion of a more general form of the KK scattering amplitude. Our aim is to construct a model which will be suitable in the coupled-channel analyses of different radiative φ meson decays.
As the first step the amplitude for the e + e − → KKγ reaction with the charged kaon loop is considered. Other contributions to the reaction amplitudes like the loops of other particles than the K + K − ones can be added later in future model developments.
The paper is structured as follows. In Sec. II we formulate an extended version of the theoretical model describing the e + e − → K + K − γ reaction. Then in Subsection II B we discuss the limit of vanishing photon energy.
In Subsection II C we show examples of models which are particular cases of the model described in Sec. II. In Sec. III some properties of the on-shell and off-shell elastic K + K − amplitudes are outlined. The formulae for the differential cross sections and for the branching fraction of the decay φ(1020) → K + K − γ are written in Sec. IV. In Sec. V we give the results of numerical calculations performed for this reaction. In Sec. VI we briefly show how to generalize the model to the description of other reactions with two pseudoscalar meson pairs accompanying photon in the final-state. Sec. VII is devoted to an application of the model to the e + e − → K 0K 0 γ channel. The conclusions are given in Sec. VIII. Finally, in Appendix A an amplitude approximation is explained and in Appendix B some longer formulae are gathered.
II. THEORETICAL MODEL OF THE AMPLITUDE FOR THE REACTION
Below we present a derivation of the theoretical model for the reaction e + e − → K + K − γ. One can start from a set of three amplitudes describing the so-called final state radiation (FSR) process. In the lowest order of quantum electrodynamics a virtual photon is initially emitted from the incoming e + e − pair (see Fig. 1 a) , then the final photon can be coupled to the vertex connecting K + , K − and that virtual photon, or directly from K + or K − ( Fig. 1 b,c) . The diagram in Fig. 1(a) represents the so-called contact term which is needed to satisfy the gauge invariance of the FSR amplitude. The form of the FSR amplitude is well known. For example, for the e + e − → π + π − γ reaction the corresponding expression for the FSR amplitude can be found in Eq. (1) of Ref. [55] . In the FSR amplitude strong interactions between kaons are not yet included. However, it is possible to formulate a model of the final-state kaon interactions. It has been outlined in Ref. [56] and it is presented below in more detail. The corresponding diagrams are shown in Fig. 2 . The diagrams in Figs. 2(a,b,c) are directly connected to the diagrams present in Figs. 1(a,b,c) , respectively. Here one includes a strong interaction between the K + K − pairs in the final state. The elastic scattering amplitude denoted by T follows a kaon loop with a variable four-momentum k over which one has to integrate. The initial four-momenta of the positron e + and of the electron e − are denoted by p e + and p e − , respectively. The K − , K + and photon four-momenta in the final state are labelled by k 1 , k 2 and q, respectively.
The amplitudes for the e + e − → K + K − γ reaction, corresponding to diagrams (a), (b), (c) in Fig. 2 are given by:
where
, is the inverse of the kaon propagator, m K is the charged kaon mass and ν is the photon polarization four-vector. In the above expressions p = p e + + p e − , J µ is defined as
where e is the electron charge, s = (p e + + p e − ) 2 , v and u are the e + and e − bispinors, respectively, γ µ are the Dirac matrices and F K (s) is the kaon electromagnetic form factor. Appearance of the factor e 3 in Eq. (4) is related to a presence of the three photon couplings which are most easily seen in Figs. 2(b) and 2(c). The factor 1/s is the intermediate photon propagator. The virtual photon γ * couples to the K + K − pair leading to a presence of the kaon form factor. The K + K − elastic scattering amplitude is given by
2 is the square of the K + K − effective mass andT (m) is the KK scattering operator. The amplitude T (k) depends not only on the K + fourmomentum k but also on the four-momenta k 1 , k 2 , p and q which satisfy the relation k 1 + k 2 = p − q. So T (k) is a shorthand notation which underlines the dependence of the K + K − off-shell amplitude T on the kaon-loop momentum variable k over which one has to integrate in Eqs. (1) (2) (3) . Let us denote by T S (k) the following sum of amplitudes:
Then one can rewrite Eqs.
(1)-(3) as:
Oppositely to the sum of the FSR amplitudes shown in Fig. 1 , the sum S 3 of the amplitudes presented in Fig. 2 (a), (b) and (c) is not gauge-invariant. This can be seen by the substitution ν → q ν into the sum S 3 ≡ A 1 + A 2 + A 3 which after some algebra leads to the following result:
Thus, in order to satisfy the gauge invariance condition of the total amplitude:
we postulate the following form of the additional term A 4 which should be added to S 3
q ·k .
(11) Here the four-vectork = (0,k) and the unit three-vector k = k/|k|.
The integrals over the energy k 0 in Eqs. (7, 8, 11) can be done analytically in the K + K − center-of-mass frame and the results are:
and
Here and J are the three-component vectors of ν and J µ , respectively, andq is the unit vector pointing in the direction of the emitted photon momentum. In order to derive the formulae (12) and (13) one applies the relation:
The numerators in Eqs. (12), (13) and (14) are given by the following expressions:
Below we write expressions for the denominators in Eqs. (13) and (14):
In the K + K − center-of-mass frame the energy p 0 equals to m + ω, and the photon energy ω = (s − m 2 )/(2m). The formulae (12) (13) (14) and (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) constitute a full set of expressions for the general form of the reaction amplitude A for the process e + e − → K + K − γ. In Sec. VI one can find an extension of this formalism to processes with other pseudoscalar meson pairs in the final state. Now we can examine some approximations to the reaction amplitude A.
Let us denote by
K is the kaon momentum in the finalstate. As seen from Eq. (16) k is equal to the half of the difference between the K + and K − momenta, so it is the relative momentum of the kaon pair in their center-of-mass frame. For the value E k = m/2 the amplitude T 1 (k) is equal to the doubled on-shell
Therefore we can assume that T 1 (k) is related to T K + K − (m) as follows:
where g(k) as a real function of k ≡ |k| takes into account the off-shell character of T 1 (k) 2 . We note here that the function g(k) satisfies the condition g(k f ) = 1.
If E k = m/2 then the denominator M 1 (k) = 0, so the first terms in parentheses in Eqs. (12) and (13) have a pole. Thus, at not too large values of |k| one expects a dominance of these terms over the other ones which depend on T 2 (k) or T 3 (k) in Eqs. (12) and (13) . So, omitting temporarily the terms with T 2 (k) and T 3 (k), one derives the approximate sum of the first three amplitudes of our reaction in the following form:
where the integral I(m) reads
One can expect that the function g(k) decreases for the momenta k going to infinity. In order to make the integral in Eq. (28) finite, the function g(k) should decrease at large k steeper than 1/k 2 . If this is not a case for a particular model of the K + K − amplitude, then one has to replace g(k) by another functiong(k) to warrant an integral convergence. One can also choose an upper limit cut-off k cut parameter for the integral over k.
There is an alternative form of the approximate sum of the amplitudes A 1 , A 2 and A 3 . One can notice that the relative kaon momenta in the expressions (17) and (18) for the amplitudes T 2 (k) and T 3 (k) are the same as the momentum k in T 1 (k). So, similarly to Eq. (26) the following approximation can be chosen:
Thus one can write an alternative form of the amplitude sum:
Due to a presence of the pole at m 2 = 4E 2 k in the integrand of I r (m), one can call it the "relativistic" version of I(m). Both the integrals I and I r will be called the kaon-loop functions. It should be mentioned here that the imaginary parts of these functions are identical and only the real parts differ. The equality of ImI(m) and ImI r (m) follows from the structure of the denominators in Eqs. (12) and (13) . Only two poles of M 1 (k) give contributions to the imaginary parts, namely the first one at m = 2E k and the second at 2p 0 E k − s + 2k · q = 0. The pole of the amplitude A 1 coincides with the first one.
For the real part of the second kaon-loop function I r (m) one gets much better convergence of the integrand than for I(m). If one makes an expansion of the corresponding integrand in series of the photon energy ω then due to specific cancellations between the three terms in Eq. (31) at high k momenta one gets a proportionality to 1/k 3 while the integrand of I(m) without g(k) is directly proportional to k. This happens when we take into account the part of the integrand linearly proportional to ω. The term proportional to ω 2 is proportional to 1/k 5 , so the convergence of Re I r (m) at the infinite k is even better. A limit ω going to zero will be discussed in Subsection II B.
After this general discussion we can pass to examination of the effective mass dependence of the kaon-loop functions. It is possible to perform analytically two integrations over the angles of the vector k in the expression for the function I(m) in Eq. (28) . The results for the real and imaginary parts are:
where P standing before the integral symbol denotes the principal value part,
center-of-mass frame at m 2 = s. The first term in the numerator of this equation corresponds to a pole contribution at E k = m/2 in the first denominator of the integrand in Eq. (28) and the second term, proportional to y 2 /k 2 , is related to a pole of the second denominator. In the latter case the position of the pole depends on the angle between the vectors k and q which leads to an integration over a range of k between the limiting values k and k . It can be checked that both k and k values are slightly larger than k f . If the function g(k) is equal to 1 in the k range below k , then one can perform integral in Eq. (36) , so the second term of Im I(m) reads:
In addition, if m is approaching its maximum value of √ s, or equivalently in the limit of vanishing photon energy ω, the function Im I(m) goes to zero since Im I a (m) = −Im I b (m).
Let us now pass to a discussion of the properties of the amplitude A 4 given by Eq. (14) . Using the similar assumption as that leading to Eq. (26) one can approximate R 1 and R 2 as
At small values of |q| with respect to |k|, R 1 and R 2 can be further approximated as
where g (|k|) is the derivative of the function g(|k|) responsible for the off-shell character of the KK scattering. In this way the amplitude A 4 (m) from Eq. (14) reads
(41) For the imaginary part of I 4 (m) the integration over the two angles of the vector k can be performed and the result is
Here the variable y is defined by Eq. (33) and the integral limits k and k are defined just below Eq. (36). The amplitude A 4 (m) from Eq. (40) has to be added to the sum of the amplitudes A 1 , A 2 and A 3 in Eqs. (27) or (30) . Then the total reaction amplitude A is formed (Eq. 10).
B. Limit ω → 0
In the limit of vanishing photon energy ω ≡ |q| → 0 and at s equal to the square of the φ(1020) meson mass m φ one gets the following relation for the imaginary part of I 4 (m) given by Eq. (42):
where the momentum k φ = m 2 φ /4 − m 2 K . It is interesting to find a close relation of this formula to the imaginary part of the loop function I(m) (Eq. (28)), calculated in the limit m → m φ , which is equivalent to the limit ω → 0:
Below we show that the above relation is valid also for the real parts of the above functions which leads to a relation between the four amplitudes at ω = 0:
Let us sketch a derivation of this formula. Going back to Eq. (11) we use Eqs. (19, 20, 38, 39) to get the approximate expression for the amplitude A 4 valid for small ω:
Knowing that in the K + K − center-of-mass-frame the momenta p and q are equal we can assume as in Eq. (26) that the sum of the amplitudes T S (k) in Eq. (6) can be expressed in terms of the function g(|k|) of the relative kaon momentum as
from Eqs. (7) and (8), one gets the following amplitudes in the limit ω → 0:
Next, after an integration over energy and in the next step by integrating the amplitude A 4 (m) in Eq. (46) by parts over |k|, one finds that Eq. (45) is satisfied. To get this result one has to assume that the function g(|k|) tends to 0 when |k| goes to infinity. In consequence, the full reaction amplitude A ≡ A 1 + A 2 + A 3 + A 4 vanishes in the limit ω → 0. This is a consequence of the gauge invariance of the total reaction amplitude A.
In Appendix A we show that the amplitude A 4 (m) depends weakly on the variable m or ω, so to a very good approximation
Recalling the relations given in Eqs. (10), (27) and (45) for √ s = m φ we can write the following expression for the reaction amplitude A(m):
where the loop function I(m) is given by Eq. (28) or by Eq. (31). We stress here that the imaginary parts of I(m) and I r (m) are equal and the corresponding formulae are given by Eqs. (34) (35) (36) . The real part of the function I(m) is seen in Eq. (32) and the formulae for the real part of the kaon-loop function I r are written in Appendix B. The integrand of the real part of the function I(m) is simpler than the corresponding integrand of Re I r (m) but on the other hand the convergence at high k is much better for the latter function.
C. Comparison of the present model with other approaches
We may see some similarity of the formulae presented above with the expressions for the amplitudes of the radiative φ meson decays derived in Ref. [20] . In particular, Eq. (46) can be compared with Eq. (4.24) of Ref. [20] if we replace the current J by the φ meson polarization vector φ and the function g(k) by the function φ(k). One has also to multiply the amplitude A 4 by i. The same multiplication factor i should be applied to the amplitudes A 1 , A 2 and A 3 in order to make a comparison with Eqs. (4.21), (4.22) and (4.23) of Ref. [20] . Thus the model of Close, Isgur and Kumano for the φ radiative decay amplitudes is a special case of the present model in which the reaction amplitudes are given by Eqs. (1)- (3) and (11), and the photon momentum q is small (soft photon limit).
One can notice a difference in the normalization of the functions g(k) and φ(k). The latter function is defined by Eq. (4.14) of Ref. [20] as follows:
where the parameter µ = 141 MeV. The function g(k) has to be normalized to 1 at the final K + K − relative momentum k = k f while φ(k) = 1 at k = 0, so the function g(k) related to φ(k) should be defined as
As we shall see later, the normalization condition g(k f ) = 1, instead of g(0) = 1, has an important influence on the values of the kaon-loop function when the range parameter µ is relatively small. In the model of Achasov, Gubin and Shevchenko [22] 
Thus the above approach could also be treated as a particular version of the model introduced in Subsection II A.
At √ s close to 1 GeV the K + K − scattering amplitude is usually taken in the following resonant form
where g RK + K − is the scalar resonance coupling constant to the K + K − pair and D R (m) is the inverse of the scalar meson propagator. Here R denotes the scalar mesons a 0 (980) or f 0 (980). Formally, this case is a point-like version of the K + K − scattering amplitude T K + K − (m), since here the function g(k) ≡ 1, g (k) ≡ 0 and the amplitude A 4 (m) ≡ 0. The resonant K + K − scattering amplitude has been used in Ref. [27] . It has been multiplied by the kaon-loop function taken from Ref. [16] . The real part form of the latter function has been obtained applying twicely subtracted dispersion relations constrained by gauge invariance. The kaon-loop function, constructed in that way, also vanishes at ω → 0.
The elastic on-shell scattering amplitude T K + K − (m) is normalized using the following relation to the elastic S-matrix element S K + K − :
Like the function I(m) the above amplitude is dimensionless. The K + K − S-wave state can be decomposed into two isospin states corresponding to isospin I = 0 or isospin I = 1:
If one assumes isospin symmetry conservation in the K + K − interaction, then the strong elastic scattering amplitude T K + K − (m) can be written as a linear combination of two isospin amplitudes t 0 (m) and t 1 (m):
The amplitudes t 0 and t 1 are the elastic transition amplitudes between the isospin 0 and 1 states, respectively. Similarly, the S K + K − matrix element is related to two KK elastic S-matrix elements labelled by isospin 0 or 1:
If the isospin symmetry is not conserved, then one can consider additional contributions to
It is convenient to express the complex functions S I , I = 0, 1, in terms of the real phase shifts δ I and inelasticities η I :
The functions δ I and η I depend on the effective mass m of the KK system and near the KK threshold they can be developed into series depending on the kaon momentum evaluated in the K + K − center-of-mass frame. Alternatively, one can make an effective range expansion of the scattering amplitude T K + K − (m). As shown in Ref. [53] , this can be done also in presence of the poles corresponding to the scalar resonances f 0 (980) or a 0 (980) located near the kaon-kaon threshold.
There exist many models of kaon-kaon interactions. We do not intend to review all of them, however we shall mention here a model of separable potentials which has been successfully used in scalar meson spectroscopy (see, for example, Refs. [49, 51, 57] ). Separable pion-pion potentials have been used in Ref. [26] . Some kaon-kaon amplitudes with parameters fitted to experimental data will be used in next sections in numerical calculations of the cross-sections for the e + e − → KKγ reactions. Below we give a few equations specific for the separable interactions.
The simplest rank-one-potential of the KK interaction V written in the momentum space has the form:
where λ is the potential strength constant, k i , k f are the initial and final state relative kaon momenta in the kaonkaon center-of-mass frame, k i and k f are their moduli and G(k) is the vertex form factor. The Yamaguchi form factor [58] reads:
where β is the form-factor range parameter. For the separable potential the scattering amplitude T sep can be obtained from the Lippmann-Schwinger equation in the factorizable form:
where τ (m) is the KK effective mass dependent function. In the lowest order of the KK interaction τ (m) equals to the coupling constant λ but if the KK interaction is strong enough the function τ (m) may acquire a resonant character. This function has a pole in the complex effective mass m-plane which can be attributed to the scalar S-wave resonance. However, it can have also a non-resonant part, so in general it cannot be reduced just to a simple Breit-Wigner representation of the scalar resonance.
One can notice that the resonant form of the amplitude given by Eq. (52) can be interpreted as a special case of the amplitude derived for the separable potential meson-meson interactions (Eq. 60). In this case the form factors G(k) are functions which take into account the interactions of kaons treated as extended objects. In Eq. (52) the coupling constant g RK + K − is independent of the kaon momentum, so in this case the kaons are treated as point-like objects.
For the separable potentials it is easy to get the function g(k) introduced in Eq. (26) in order to describe the off-shell dependence of the KK amplitudes. For the onshell scattering the initial and final kaon momenta are equal, |k i | = k f |, so the corresponding on-shell amplitude is proportional to the square of G(k f ) and the function g(k i ) is a simple ratio of the form factors:
For the Yamaguchi form factor from Eq. (59) with k = k i this function equals to
As discussed earlier in the text below Eq. (26), for this particular form factor the amplitude integral I(m) is divergent, so in numerical calculations we use a cut-off limit k cut . As in Ref. [59] we take k cut = 1 GeV. Before coming to numerical calculations of the reaction cross sections one needs to determine the K + K − amplitudes in two isospin states. In the present application the separable meson-meson potentials are used for both isospin channels. The parameters of the separable potentials have been obtained from fits to the available data in meson channels coupled to the K + K − states. For isospin zero we shall use the results obtained from the three-channel model of Ref. [49] (fit A). This model has been constructed with an experimental input on the two-pion, two-kaon and four-pion production on hydrogen targets (see, for example, Ref. [60] ). In the fit to data the pole corresponding to the f 0 (980) resonance has been found with the mass equal to 989 MeV and the width of 62 MeV. The range parameter of the isospin zero KK potential has been obtained as β ≈ 1.5 GeV. In fits leading to a set of separable potential parameters obtained in Ref. [49] , the kaon mass has been taken as an average of the charged and neutral kaon masses m av . Since presently we need to distinguish the K + K − and K 0K 0 thresholds, in numerical calculations of the amplitude t 0 (m) in Eq. (55) we have made a shift of the mass m by about 2 MeV by changing the argument m into m (m av /m K ). The separable potential parameters of the amplitude t 1 (m) have been directly calculated for the charged kaon mass.
For isospin one we take amplitudes obtained in Ref. [51] . Here the pion-eta and kaon-antikaon coupledchannel amplitudes have been calculated using the relevant data on the meson production including the Crystal Barrel Collaboration results from the proton-antiproton annihilation. The position of the a 0 (980) resonance on the (− +) sheet has been fitted in [51] at the mass of 1005 MeV and the width of 49 MeV. In this case the value β ≈ 21.8 GeV for the isospin one range parameter has been obtained.
At the end of this chapter we give a few remarks about some specific features of the KK amplitudes in relation to the phase shifts and inelasticity parameters in two isospin channels. For isospin zero and near the K + K − threshold a rapid decrease of the amplitude modulus exists. It is related to a presence of the scalar-isoscalar resonance f 0 (980). Its influence leads to a strong decrease of the KK phase shifts δ 0 as well as to the steep behaviour of the inelasticity η 0 as a function of m near the KK threshold (see Figs. 2 and 3 in Ref. [49] ). For isospin one we do not observe such a strong decrease of phase shifts, although the scalar-isovector resonance a 0 (980) is present as a pole in the K + K − scattering amplitude. As shown in Fig. 3 of Ref. [61] , a more smooth behaviour of |T KK (m)| for isospin one in comparison with the isospin zero case is related to small values of the corresponding KK phase shifts.
IV. DIFFERENTIAL CROSS-SECTIONS, ANGULAR DISTRIBUTIONS AND THE BRANCHING FRACTION FOR THE DECAY
The reaction amplitude A given by Eq. (10) depends on the spin projections (helicities) of the initial electrons, positrons and the final photons. These helicities are labelled by λ e − , λ e + and by λ γ , respectively. In general, there are eight helicity dependent amplitudes A λ e − , λ e + , λγ since the electron or positron helicities can be equal to +1/2 or −1/2 and the photon helicities can take values +1 or −1. If the initial beams are unpolarized and the photon polarisation is not measured, then one has to average the modulus of the amplitude squared over the initial e + and e − helicities and sum over the photon helicities:
|A λ e − , λ e + , λγ | 2 .
The differential cross-section for the reaction e + e − → K + K − γ is proportional to the above sum over the particle helicities:
where m e is the electron mass and Φ 3 is the phase space of the three-body final state consisting of K + , K − and γ.
The final-state phase space dΦ 3 can be written as
is the final photon energy in the e + e − center-of-mass frame, Ω 1 is the K − solid angle in the K + K − center-of-mass frame and Ω γ is the photon solid angle in the e + e − center-of-mass frame. Taking into account properties of the electron and positron bispinors (u and v in Eq. (4)) which satisfy Dirac's equations, one can derive the following result:
If we denote by θ γ the angle between the photon and electron momenta in the e + e − center-of-mass frame, then |M| 2 can be written as:
If the e + e − energy in the center-of-mass frame is close to the φ(1020) meson mass m φ the second term in parentheses of Eq. (67) can be neglected so the photon angular distribution in the e + e − center-of-mass frame is proportional to (1+cos 2 θ γ ). In the same frame the angular kaon distributions are constant as the kaons are produced in the S-wave.
Integration over both the solid angles of the K − and the photon leads to the following expression for the effective mass differential cross section:
where v = 1 − 4m 2 K /m 2 is the kaon velocity in the K + K − center-of-mass frame and This effective mass distribution depends on the modulus of the K + K − amplitude so it is not sensitive to its phase. However, the phase of the K + K − amplitude is experimentally accessible in studies of its interference with the initial-or final-state photon radiation amplitudes. At s values close to 1 GeV 2 the kaon electromagnetic form factor is strongly dominated by the φ(1020) meson contribution. Then the differential cross-section for the e + e − → K + K − γ reaction can be related to the differential branching fraction for the φ(1020) → K + K − γ decay. The relevant square of the matrix element summed over the photon helicities and averaged over the φ(1020) helicities reads:
where g 2 φK + K − is the φ meson coupling constant to
This expression is valid if one uses the same set of diagrams as shown in Fig. 2 with a replacement of the virtual photon γ * by the φ meson in the initial state. The differential branching fraction for the φ(1020) →
as follows:
where Γ φ is the total φ width. Inspection into Eqs. (64, 67, 69) and (70) leads to the following relation between the cross-section at s ≈ m 2 φ and the branching fraction:
where the total cross-section for the transition e + e − → φ, averaged over the electron and positron helicities and summed over the φ meson spin projections, is given by
The formula (71) is valid for the differential as well as for the total cross-sections or the branching fractions. Here we consider a case of unpolarized e + e − beams.
V. NUMERICAL RESULTS FOR THE
The differential cross section for the reaction e (62) with the parameter β ≈ 1.5 GeV. The corresponding curves are very close to those given by solid lines in Fig. 3 , the relative differences do not exceed 1.5 %.
From the lower panel of Fig. 3 one can see that the three curves are rather close to each other showing a dominance of the modulus of the imaginary part of I(m φ ) − I(m) over the corresponding real part. If the real part would be zero then the phase would be 90 0 . There is one exception, namely the dotted curve shows a dominance of the real part over the imaginary part. This curve corresponds to the function g(k) ≡ φ(k) taken from 
Eq. (50), normalized to 1 at k = 0. As we have explained in Subsection II C, this function should be normalized to 1 at the running kaon momentum k f , and not at k = 0, which is a case valid only at the K + K − threshold. After a proper normalization of g(k) in Eq. (51) one obtains the dashed curve with much smaler real part of I(m φ )−I(m).
As we see in Eq. (66), the matrix element squared defined in Eq. (63) is proportional to the square of the modulus of the kaon form factor F K (s). In the calculations presented below we use its parameterization by Bruch, Khodjamirian and Kuhn (input values of parameters are written in Table 2 of Ref. [62] for the constrained fit). At s = m 2 φ one gets |F K (s)| 2 = 6287.
The modulus and the phase of the K + K − elastic scattering amplitudes are plotted in Fig. 4 as dotted lines. One observes somewhat steeper behaviour of these functions near the K + K − threshold situated at m ≈ 987. 4 MeV. This is a direct influence of the f 0 (980) resonance located in vicinity of the threshold. The solid lines drawn for the transition amplitude T K + K − →K 0K0 are described in Sec. VII where the numerical results for the reaction e + e − → K 0K 0 γ are presented. The K + K − effective mass distributions at √ s = m φ are plotted in Fig. 5 . One can notice that the mass distributions depend on the function g(k) which influences the loop function difference I(m) − I(m φ ). All the curves have a maximum near 990 MeV, only a few MeV above the K + K − threshold. In the upper panel its value varies between 0.15 and 0.33 nb/GeV. Here we plot three curves calculated using the model derived in this article. For the function I r (m) defined in Eq. (31), using the separable potentials to calculate the K + K − amplitudes as described in Sec. III, the resulting K + K − effective mass distribution differs relatively by 0.8 % to 3.6 % from the distribution shown as solid line which corresponds to the loop function I(m) from Eq. (28) . Therefore the corresponding curve is not plotted since it would overlap with the solid line.
In the lower panel of Fig. 5 one can see a comparison of the effective mass distributions corresponding to three different models. The dashed line has been calculated by us for the parameters of the no-structure model (Ref. [45] ), read from Table 1 of Ref. [39] , where the anal- kaon-loop model [47] , [39] ysis of the data on the φ → f 0 (980)γ → π + π − γ has been performed. Similarly, the dotted line has been calculated for the parameters of the kaon-loop model of Ref. [47] fitted in the same KLOE analysis. The solid line is our result copied from the upper panel in order to make a more direct comparison of the results. We see that the shape of the distributions is quite similar and the maximum value of the cross section changes between about 0.11 and 0.25 nb/GeV. Unfortunately no experimental data on the branching fraction of φ → K + K − γ exist so one cannot make a direct comparison of the model results with data.
Calculation of the total reaction cross-section for the e + e − → K + K − γ transition, by integration of the differential cross-section dσ/dm over the m-range from the K + K − threshold up to m φ leads to the values shown in Table I . In the same table we give the corresponding branching fractions for the φ meson decay into In calculations of the branching fractions we have used the value of 4.15 µb for the total e + e − → φ crosssection at the φ resonance peak position (Eq. 72). Early calculations of the branching fraction for the reaction φ → γ(a 0 +f 0 ) → γK + K − have given the values between 2.0 · 10 −7 and 2.6 · 10 −6 [16] . In Ref. [22] the φ radiative decays into K + K − have been examined using the function φ(k) (Eq. 50) from Ref. [20] with an estimate of the branching fraction Br(φ → γ(f 0 + a 0 ) → γK + K − ) ≤ 10 −6 . In Ref. [27] one finds the values 2.25 · 10 −6 and 8.12·10
−7 in two model variants of the f 0 and a 0 positions and coupling constants. All the values given in Table I  are below 
VI. REACTIONS WITH OTHER MESON PAIRS IN THE FINAL STATES
There is a natural way to generalize the amplitudes derived for the e + e − → K + K − γ reaction to other reactions like e + e − → P 1 P 2 γ where in the final state pairs of the pseudoscalar mesons P 1 and P 2 are produced. In the intermediate state the same K + K − loop is present. In order to write down the amplitudes corresponding to the e + e − → P 1 P 2 γ reaction and to follow the derivation presented above for the e + e − → K + K − γ reaction, one has to replace in each step the elastic
There are several P 1 P 2 states coupled to the K + K − channel. Below one can enumerate some of them:
All these channels can be simultaneously studied in a unitary way when the operatorT (m) becomes a reaction matrix describing all the possible transitions between the P 1 P 2 pairs of mesons. The on-shell amplitude equivalent to that written in Eq. (53) is given by
where we have introduced the S-matrix element corresponding to the reaction K + K − → P 1 P 2 . In the above equation k 12 denotes the relative momentum of the P 1 and P 2 particles in their center-of-mass system. Then, extending the model constructed for a description of the reaction e + e − → K + K − γ to other reactions, one can perform a coupled channel analysis of the whole set of the reactions e + e − → φ(1020) → P 1 P 2 γ.
VII. DESCRIPTION OF THE REACTION
As the first step in a derivation of the amplitude for the reaction e + e − → K 0K 0 γ, we make the following isospin decomposition of the K 0K 0 state:
The on-shell transition amplitude from the K + K − to the K 0K 0 state can be expressed as
where the amplitudes t 0 (m) and t 1 (m) have been introduced in Eq. (55 
The next steps needed in calculation of the cross section for the reaction e + e − → K 0K 0 γ are exactly the same as given in Sections II and IV for the
has to be done in Eqs. (66), (67) and (69). As a result of these replacements Eq. (68) gives the differential cross section for the reaction e + e − → K 0K 0 γ if we also change v
center-of-mass frame. Fig. 4 where we see that at the effective mass larger than the K 0K 0 threshold the modulus of the amplitude
is substantially lower than the modulus of the elastic K + K − amplitude. As seen in the lower panel of Fig. 4 , the phases of both amplitudes are also different. However, this difference does not generate a further effect on the values of the differential cross sections which are proportional to the square of the amplitude moduli (see, for example, Eqs. (68) and (69)). Here one can mention that a characteristic "horn" shape of the solid line is due to the opening of the K 0K 0 threshold near m = 995 MeV. We have calculated the phase below 995 MeV by making an analytical continuation of the transition amplitude for the reaction
beyond its physical threshold. One has to add here that the differential cross section for the kaon-loop function I r (m) (Eq. 31) is very similar to that shown in Fig. 6 by solid line. The relative differences vary between 0.9 % and 2.4 %, so once again we do not show the corresponding line in order to evict almost a complete overlap of lines.
The calculated results for the total reaction crosssections of the e + e − → K 0K 0 γ transition and the branching fractions for the φ decay into K 0K 0 γ are given in Table II the branching fractions for the φ decays into K 0K 0 γ are by about one order of magnitude smaller than the corresponding branching fractions for the transition φ → K + K − γ. The four cases shown in Table II correspond  to the same cases seen in Table I . Once again, we notice a small difference between the case 1 and the case 1 r. The relative difference is only about 1.2 %.
The results presented in Table II can be compared with the values for the branching fraction of the φ decay into the K 0K 0 γ channel calculated using different models. Here we quote some of them: in Ref. [16] [35] is of the same order as the numbers in Table II . It is possible to generate lower values of the theoretical branching fractions by a moderate change of the pole positions of the scalar mesons f 0 (980) or a 0 (980). We repeat here that for the present model of the isospin zero KK amplitude the a 0 (980) pole position is given by the mass m a0(980) = 1005 MeV and the width Γ a0(980) = 49 MeV. As seen in Fig. 7 , calculated for the case 1 in Table II , the KLOE lower limit can be reached by changing the position of the a 0 (980) resonance or its width on the sheet (−+) by about 5 MeV. This figure indicates an important role of future experimental measurements of the reactions e + e − → K + K − γ and e + e − → K 0K 0 γ in a more precise determination of the properties of scalar resonances.
As a final comment we can add that the same procedure of the amplitude replacement just described for the reaction e + e − → K 0K 0 γ can be done for other reactions like for the first three transitions listed below Eq. (73).
VIII. CONCLUSIONS
In summary, the theoretical model of the reaction amplitudes for the processes e + e − → K + K − γ and e + e − → K 0K 0 γ has been formulated. The strong interactions between the charged and neutral kaons are included in the elastic scattering amplitude T K + K − (m) and in the transition amplitude T K + K − → K 0K0 (m). The formulae for the total reaction amplitude A = A 1 + A 2 + A 3 + A 4 , valid for the general form of the KK scattering amplitudes, are presented in Eqs. (12) (13) (14) and in Eqs. (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) .
We have shown that some models used in past for a description of the radiative φ decays into K + K − γ and K 0K 0 γ can be treated as special cases of the model presented in Sec. II A. For the reaction e + e − → K + K − γ, the approximate form of the amplitude, valid for small values of the outgoing photon energy, is given by Eq. (49) . It is proportional to T K + K − (m) and to the kaon-loop function difference I(m) − I(m φ ). The alternative form I r (m) of the function I(m) from Eq. (28) can be seen in Eq. (31) . These functions depend on the off-shell behaviour of the K + K − elastic scattering amplitude T K + K − (m) given by the function g(k) in Eq. (26) . However, if the function g(k) depends sensitively on the kaon momenta k only at k ≥ 1 GeV, then the reaction amplitude is close to the amplitude calculated in the limit of point-like kaons (g(k) ≡ 1). The gauge invariance condition leading to vanishing reaction amplitude at the photon energy going to zero has an important consequence for that behaviour.
The amplitude for the reaction e + e − → K 0K 0 γ can be obtained from Eq. (49) after a replacement of
The formulae for the differential cross sections describing the KK effective mass distributions and the photon and kaon angular distributions have been obtained. The numerical calculations of the effective mass distributions, the total reaction cross sections and the branching fractions for the φ(1020) decays into
have been performed. The separable meson-meson potentials with the parameters taken from Refs. [49] and [51] have been used to calculate the KK amplitudes.
Other forms of the kaon-kaon scattering amplitudes can be easily included in alternative studies of the same reactions. The present model can be used in future experimental analyses of the reactions e + e − → K + K − γ and e + e − → K 0K 0 γ, in particular at the e + e − energies close to the mass of the φ(1020) meson. We have also generalized this model to the reactions e + e − → P 1 P 2 γ with pairs of the pseudoscalar mesons P 1 and P 2 different from K + K − or from K 0K 0 . The model in this form can serve in couple channel analyses of the e + e − data for the production processes including K + K − , K At the end let us add a remark concerning a possible contribution of other intermediate states with the same quantum numbers as K + K − . The K + K − loop dominates at the e + e − center-of-mass energy close to the φ(1020) meson mass since the branching fraction for the φ decay into K + K − is much larger than any other branching fraction for the decay into charged particles [1] . For example, we have checked that the π + π − loop with the subsequent π + π − → K + K − transition leads to a reaction cross section by a factor of about 10 −6 smaller than the cross section calculated with the K + K − intermediate loop.
Science Centre (grant no 2013/11/B/ST2/04245). We are grateful to Henryk Czyż for a useful correspondence. This value is equal to about 32 MeV which is much smaller than the φ(1020) meson mass. The maximum photon momentum is also smaller than the average of the kaon lower and upper momentum limit equal to (k + k )/2 = p 0 v L /2. This average momentum is equal to about 127 MeV and exceeds the maximum photon energy 32 MeV. The photon energy is also smaller than the typical range of the kaon momentum distribution which can be represented by the parameter µ in Eq. (50), or by the range parameter β in Eq. (62) . Let us note here that the variable y present in the integrand of Eq. (42) takes the value −k at k = k and the value +k at k = k , so the integrand function vanishes at both limits of k. Since the difference k − k = ω, the factor ω in the denominator of Eq. (42) is cancelled and even in the limit ω → 0 one gets the finite value of the imaginary part of the function I 4 (see Eq. (43)).
We can also infer a weak m-dependence of the function I 4 (m) from studies of the its integrand in Eq. (41) . If one makes an expansion of the sum 1/M 4 (k) + 1/M 5 (k) in series of ω, then after an integration over the angles of the vector k the integrand depends only on even powers of ω. Since ω is small the function I 4 (m) varies very slowly with m.
The above qualitative considerations, which indicate a weak ω dependence of Im A 4 , can be further supported by the numerical results obtained for the function g(k) taken in the form of Eq. (50) or given by Eq. (51). In the first case the relative variation of Im A 4 in the whole region of ω between 0 and 32 MeV is smaller than 0.6 %. In the latter case it is smaller than 2.1 %.
It is also possible to estimate numerically the real part of the function I 4 (m) given by three-dimensional integral in Eq. (41) . Like for Im I 4 one observes a weak dependence on ω. If we take the function g(k) given by Eq. (62) with the parameter β of the order of 1.5 GeV, much larger than the parameter µ=141 MeV used in Eq. (50), then we can obtain even much weaker dependence of A 4 (m) than in the two cases described above. Therefore one can conclude that the variation of the amplitude A 4 (m) with m is so weak that we can take for it the value at m = m φ : A 4 (m) ≈ A 4 (m φ ). In this Appendix we give formulae derived for the real part of the kaon-loop function I r (m) defined in Eq. (31):
The variable y present in Eq. (80) has been already defined in Eq. (33) . Other variables are given by the following equations:
